In this paper, we analyze the vacuum expectation values (VEVs) of the field squared and the energymomentum tensor associated with a charged and massive scalar quantum field in a generalized (D + 1)-dimensional anti-de Sitter space in the presence of a cosmic string, admitting a magnetic flux running along the string's core. In addition we admit that an extra coordinate is compactified to a circle and presents an extra magnetic flux running along its center. This compactification is implemented by imposing a quasiperiodic condition on the field with an arbitrary phase. The calculation of the VEVs of the field squared and the energy-momentum tensor, are developed by using the positive-energy Wightman function. The latter is constructed by the mode sum over the complete set of normalized bosonic wavefunctions. Due to the compactification, the Wightman function is presented as the sum of two distinct contributions. The first one corresponding to the idealized cosmic string, and the second is induced by the compactification. The latter goes to zero for an infinite length of the compactification. As a consequence of the general structure of the Wightman function, both VEVs present also this decomposition. Moreover, due to the Aharanov-Bohm type of interaction between the field with the magnetic fluxes, the VEVs depend on the fractional part of the ration between the total flux and the quantum one.
Introduction
It is believed that the Universe has been underwent several symmetry breaking phase transitions during its expansion. In these transitions different types of topological objects may have been created, like global monopoles and cosmic strings [1, 2] . In particular, cosmic strings are of special interest. Although recent observational data on the cosmic microwave background radiation have ruled out cosmic strings as the primary source for primordial density perturbation, they are still candidate for the generation of a number of interesting physical effects like gamma ray bursts [3] , gravitational waves [4] and high energy cosmic rays [5] . More recently, cosmic strings have attracted renewed interest due to a variant of their formation mechanism that is proposed in the framework of brane inflation [6] - [8] .
The geometry of the spacetime produced by a cosmic string can be approximately described by a planar angle deficit on the two-dimensional sub-space perpendicular to it [9, 10] . Although this object was first introduced in the literature as being created by a Dirac-delta type distribution of energy and axial stress along a straight infinity line, it can also be described by classical field theory where the energy-momentum tensor associated with the Maxwell-Higgs system, investigated by Nielsen and Olesen in [11] , couples to the Einstein's equations. This coupled system was first investigated in [12] and [13] .
The conical structure associated with a cosmic string provides relevant effects in quantum field theories, inducing non-zero vacuum expectation values for physical observables. In fact the analysis of the vacuum polarization effects associated to scalar and fermionic fields have been developed in [14] - [20] and [21] - [25] , respectively, for the geometry of an idealized cosmic string on a flat background. On the other hand, in curved backgrounds additional effects appear due to the bulk gravitational field. Recently the combined effects of non-trivial topology and background curvature on the local characteristics of the scalar and fermionic vacua have been investigated in [26, 27] and [28, 29] for a cosmic string in de Sitter and anti-de Sitter spacetimes, respectively.
AdS spacetime is remarkable from different points of view. The first interest was motivated by the fact that the quantum analysis of fields propagating on this curved space can be developed exactly. The presence of both regular and irregular modes and the possibility of interesting causal structure lead to a number of new phenomena. The importance of this theoretical work increased when it was discovered that AdS spacetime generically arises as a ground state in extended supergravity and in string theories.
The analysis of an induced current associated with a charged scalar quantum field in a high-dimensional AdS spacetime in the presence of a cosmic string taking into account also the presence of a magnetic flux running along the string's core, was developed in [30] . There, in order to analyze a more general situation, a compactification along an extra dimension was considered. 1 Here in this paper we would like to continue along this line of investigation, and study the vacuum expectation value (VEV) of the energy-momentum tensor. This analysis will be developed adopting a similar procedure as exhibited in [30] .
The outline of this paper is the following: In the section 2 we provide the geometry of the spacetime to be considered, and the obtainment of the complete set of normalized solutions of the Klein-Gordon equation, by using Poincaré coordinates and admitting an arbitrary curvature coupling. In addition we consider the presence of a azimuthal and axial vector potentials. The later introduced as a new ingredient due to the compactification. Having the set of wave-function we construct the positive-energy Wightaman function. In section 3 we explicitly calculate the VEV of the field squared. We show that this VEV is decomposed in three parts, the first one induced by the AdS curved space, followed by the contribution induced by the cosmic string and the compactification. In section 4 we calculate the VEV of the energy-momentum tensor. The later presents similar structure as the field squared. In Section 5 we summarize our most relevant results. In appendix A we present the derivation of a compact expression for the calculation of the energy-momentum tensor. In this paper we shall use the units = G = c = 1.
Klein-Gordon equation and Wightman function
In this section, we briefly discuss the evaluation of the Wightman function found in [30] . So, let us consider a charged scalar quantum field, ϕ(x), on the background of a (D + 1)-dimensional AdS spacetime, with D > 3, in presence of a cosmic string and a compactified extra dimension. The analysis of the vacuum polarization effects associated with a scalar field is generally made by the use of the positive frequency Wightman function. In order to evaluate this function, we first obtain the complete set of normalized mode functions for the Klein-Gordon equation admitting an arbitrary curvature coupling parameter.
By using cylindrical coordinates system, the geometry associated with a cosmic string in a (3 + 1)-dimensional AdS spacetime is given by the line element below:
where r 0 and φ ∈ [0, 2π/q] define the coordinates on the conical geometry, (t, y) ∈ (−∞, ∞), and the parameter a determines the curvature scale of the background spacetime. In the above coordinate system the string is along the y−axis. The parameter q ≥ 1 defines the planar angle deficit on the two-dimensional surface orthogonal to the string. Using the Poincaré coordinate defined by w = ae y/a , the line element above can be conformally related to the line element associated with a cosmic string in Minkowski spacetime:
For the new coordinate one has w ∈ [0, ∞). Specific values for this coordinates deserve to be mentioned: w = 0 and w = ∞ correspond to the AdS boundary and horizon, respectively. To generalize the line element (2.2) to (D + 1)-dimensional, with D > 3, AdS spacetimes, we adopt the standard procedure, by adding extra Euclidean coordinates [33] :
In fact, the Euclidian version of the line element inside the bracket has been proposed by Linet in [34] . The cosmological constant, Λ, and the Ricci scalar, R, are related with the scale a by the formulas
Since we are interested in investigating the effect of a charged scalar field coupled to a gauge field on the vacuum polarization, we admit the presence of magnetic flux running along the string's core. Moreover, we also assume the compactification along only one extra coordinate, defined by z in the expression below,
Note that we will also consider the presence of a constant vector potential along the extra compact dimension. This compactification is implemented by assuming that z ∈ [0, L], and the matter field obeys the quasiperiodicity condition below,
where 0 ≤ β ≤ 1.The special cases β = 0 and β = 1/2 correspond to the untwisted and twisted fields, respectively, along the z-direction.
The field equation which governs the quantum dynamics of a charged bosonic field with mass m, in a curved background and in the presence of an electromagnetic potential vector, A µ , reads
being D µ = ∂ µ + ieA µ . In addition, we have considered the presence of a non-minimal coupling, ξ, between the field and the geometry represented by the Ricci scalar, R. Two specific values for the curvature coupling are ξ = 0 and ξ = D−1
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, that correspond to minimal and conformal coupling, respectively. Also we shall assume the existence of the following constant vector potentials,
with A φ = −qΦ φ /(2π) and A z = −Φ z /L, being Φ φ and Φ z the corresponding magnetic fluxes. In quantum field theory the condition (2.6) changes the spectrum of the vacuum fluctuations compared with the case of uncompactified dimension and, as a consequence, the induced vacuum current density changes. In the spacetime defined by (2.5) and in the presence of the vector potentials given above, the equation (2.7) becomes
where
The equation above is completely separable and its positive energy and regular solution at origin is given by,
In the expression above x represents the coordinates along the (D − 4) extra dimensions, and k the corresponding momentum. Moreover,
where Φ 0 = 2π e , the quantum flux. In (2.10) J µ (z) represents the Bessel function [35] . The quasiperiodicity condition (2.6) provides a discretization of the quantum number k z as shown below:
14)
The constant C in (2.10) can be obtained by the normalization condition below, 15) where the delta symbol on the right-hand side is understood as Dirac delta function for the continuous quantum number, λ, p and k, and Kronecker delta for the discrete ones, n and k l . From (2.15) one finds
So, the normalized bosonic wave-function reads,
The properties of the vacuum state can be given by the positive frequency Wightman function, W (x, x ) = 0|φ(x)φ * (x )|0 , where |0 stands for the vacuum state. To evaluate it we use the mode sum positive frequency Wightman function
where σ contains summation over discrete quantum numbers and integration over continuous ones. Substituting (2.17) into (2.18) we obtain,
where ∆t = t − t , ∆φ = φ − φ , ∆z = z − z and ∆ x = x − x . In order to develop the summation over the quantum number l we shall apply the Abel-Plana summation formula [36] , which is given by
For this case, we can identify
Using (2.20), we can write the Wightman function as 22) where the first term is a contribution due to the cosmic string spacetime in AdS bulk, and the second one is due to the compactification. Both terms in the right hand side of the above equation has been individually developed in [30] . Explicitly, they may be written as
and
Substituting (2.23) and (2.24) into (2.22), and after long but straightforward steps, we get
where we have introduced a new variable χ = rr /2s 2 , and defined
The parameter α in Eq.(2.11) is written in the form 27) being n 0 an integer number. This allow us to sum over the quantum number n in (2.25), using the result obtained in [37] , given below,
Thus, the substitution of (2.28) into (2.25), allow us to integrate over χ with the help of [38] , yielding
where we have introduced the notation
being Q µ γ (u) the associated Legendre function of second kind and F (a, b; c; z) the hypergeometric function [35] . In (2.30), the arguments of the function F µ γ are given by
The Wightman function can be written as a sum of different components, 33) where the first term is a pure AdS spacetime contribution (k = 0 and l = 0), the second one is due to the cosmic string (k = 0 and l = 0) and the third term is associated with the compactification (l = 0).
The VEV of the Field Squared
The VEV of the field squared is formally obtained from the Wightman function by taking the coincidence limit, as shown below:
By substituting (2.33) into the above expression, we see that |ϕ| 2 presents three contributions:
However the above expression provides a divergent result. Because the presence of a cosmic string does not introduce additional curvature for points outside of the string's core, the divergence comes only from the contribution due to the pure AdS spacetime. The analysis of the renormalized VEV of the field squared in AdS bulk has been developed in the literature [39] - [43] . In this paper we will concentrate in the contributions induced by the string and the compactification.
Considering the cosmic string component of the Wightman function in (2.30) and taking the coincidence limit, we have
where we have introduced the following notations:
In Eq.(3.3) [q/2] represents the integer part of q/2 and the prime on the sign of the summation means that in the case q = 2p the term 1/2 should be taken with the coefficient 1/2. Some interesting asymptotic behaviors for Eq.(3.3) are presented below. We start considering r/w → 0. We can use the asymptotic formula for the hypergeometric function for small arguments [35] to rewrite Eq.(3.3) as
We can notice that the above result diverges with inverse of proper distance from the string at the power (D − 1). In other words, for a fixed value of w, |ϕ| 2 cs goes to infinity for points near the string.
On the other hand, for w r and by using the asymptotic expression below [44] ,
we get
From the above expression, we observe that for fixed values of the radial coordinate r, the string-induced contribution goes to zero near the AdS boundary as w D+2ν . For ν 1, we have
For a conformally coupled massless scalar field we have ν = 1/2, and by expressing the associated Legendre function in terms of hypergeometric function [35, 38] , we can write a more convenient expression for F (D−1)/2 ν−1/2 (u) [44] , given by 
is the VEV for the boundary-free cosmic string geometry corrected by the presence of a magnetic flux running through the string's core. The second term in (3.11),
is the contribution induced by the boundary located at w = 0. It is finite at the string's core for w = 0. In addition, for r w this contribution tends to cancel (3.12) inside the square bracket in Eq.(3.11).
In Fig.1 we exhibit the behavior of the VEV of the field squared associated with the string, as a function of r/w, that is the proper distance from the string in units of AdS curvature radius. We note from this figure that the parameters associated with magnetic flux along the string, ε, and the curvature coupling, ξ, can change the intensity and behavior of the field squared. 14) where the first term on the right-hand side of the above expression is
with v l0 given in (3.19) for k = 0. This contribution does not depend on q and ε. For values of v l0 close to the unit, the above expression has the assymptotic form
In the case of a conformally coupled massless scalar field, we have
We note that the above expression goes to zero near the AdS boundary. On the other hand for points near the AdS horizon, (3.17) coincides with the one given in (3.16).
As to the second term in (3.14), we can see that it depends on the magnetic fluxes and the parameter associated with the cosmic string, q, and it is given by
In Fig.2 we present the behavior of (3.14) as function of L/W , considering different values of ε. In the left panel we assumeβ = 0, and in the right panelβ = 0.5, that correspond the untwisted and twisted field cases, respectively. We note from these figures that the VEV of the field squared depends strongly with the parameterβ.
We can notice that |ϕ| 2 (q,ε) c is finite for r = 0. In the regime L/w 1, Eq.(3.18) assumes the following asymptotic form For a conformally coupled massless scalar field, we have
Thus, we can see that the above equation is expressed in terms of elementary functions.
VEV of the Energy-Momentum Tensor
Having obtained the Wightman function and the mean field square, we are now in position to calculate the VEV of the energy-momentum tensor by making use of the formula developed in the Appendix A,
where R µν = −Dg µν /a 2 is the Ricci tensor for the AdS spacetime and D µ = ∇ µ +ieA µ . Similarly to the VEV of the field squared, the VEV of the energy-momentum tensor can be decomposed as
As consequence of maximal symmetry of AdS spacetime and the vacuum state under consideration, one has T µν AdS = const · g µν [43] . Therefore, the corresponding VEV of the energymomentum tensor in pure AdS spacetime is completely determined by its trace. In this paper, we are mainly interested in the string and compactified induced parts. For convenience, we will work each term separately.
The covariant d'Alembertian acting in the quantities given in (3.3) and (3.14), respectively, gives
with the notation
The asterisk sign in the summation of the above equation indicates that the k = 0 component must be halved. For the geometry of the background under consideration, only the ∇ r ∇ w and ∇ µ ∇ µ differential operators contributes when acting on the VEV of the field squared. The remaining contributions come from the electromagnetic covariant derivatives acting on the Wightman function. As to the azimuthal term, it is more convenient to act the D φ D † φ operator in (2.25), and subsequently take the coincidence limit in the angular variable. Following this procedure, we obtain:
where χ = rr /2s 2 . This sum can be developed by using the differential equation obeyed by the modified Bessel equation. Then we get,
where this last sum is given by
The compactified induced contribution in the VEV of the energy-momentum tensor is calculated by making use of the corresponding parts in the Wightman function and VEV of the field squared. After long but straightforward steps, we get (no summation over µ) 9) where we have defined the function
The function G µ µ,l for separate components are given by the component expressions
For the components µ = 5, ..., D, associated with the noncompactified extra dimensions, we have (no summation) T µ µ c = T 0 0 c . This is a consequence of the invariance of the problem with respect to the boost along the corresponding directions.
We want now to investigate the asymptotic behavior of the energy-density component associated with the compactification, T 0 0 c , for points near the string's core. By analyzing the structure of the terms in (4.10) and (4.11), and after some intermediate steps, we can observe that for values of q > 1/|ε|, the energy-density is finite at r = 0. However, for values of q < 1/|ε|, the energy-density is divergent on the string's core. This divergence comes from the integral part of (4.9) for the corresponding component of the energy-moment tensor. The main reason to the appearance of the divergence is in the function f (q, ε, 2y) defined in (3.5). If there ε = 0, there are no hyperbolic cosines involving the variable of integration, y, and the integral is always finite. In order to find how this divergence appears we will adopt the following procedure: For large values of y we take the approximation cosh(y) ≈ e y /2. Analyzing the integral part of T 0 0 c , for D = 4, we found that near the string the divergent term behaves as (w/r) σ , with σ = 2(1 − q|ε|). In Fig.3 we have plotted the energy density component for a fixed q and different values of ε, for the minimum and conformal coupled massless quantum scalar field. By this graph we can see that for ε smaller th 1/q the behavior of T 0 0 c at origin is divergent, for both cases ofβ. A similar analysis could also be developed for the other components of the energy-momentum tensor.
For the non-zero off-diagonal component, we have
where we have defined the function It is possible to check that the compactified energy-momentum tensor, T µ µ c , satisfies the following identity:
(4.14)
Note it is traceless for a conformal massless quantum scalar field. Furthermore, as an additional verification for the expressions in For a conformally coupled massless scalar field, the energy density component, T 0 0 c , is
where we have introduced the function 4.18) and the variable 19) with s k = sin(kπ/q) and s y = cosh(y). The off-diagonal component for the conformal coupled massless scalar quantum field is given by
cosh(2qy) − cos(qπ)
The cosmic string part in the VEV of the energy-momentum tensor is calculated from (4.1), by making use of the string component of the Wightman function and VEV of the field squared given in (3.3). After long but straightforward calculations, for the string part, one finds (no summation over µ)
As to the other components with µ = 4, ..., D, we have (no summation) T µ µ cs = T 0 0 cs . For the non-zero off-diagonal component, we have
, (4.24) where
It is possible to check that the expressions in (4.21) obey the traceless condition for a conformal coupled massless field. The expressions given in (4.21)and (4.24) also satisfy the continuity equations as those ones given in (4.15) and (4.16). For a conformally coupled massless scalar field, the energy density component, T 0 0 cs , is given by 26) where ρ 0k and ρ 0y are given in (4.19) for l = 0, and the function f α (ρ) is defined in (4.18). In Fig.4 we have plotted the energy density in uncompactified cosmic string geometry, T 0 0 cs , as function of the proper distance from the string measured in units of the AdS curvature radius a. We note from this figure that the parameters associated with magnetic flux along the string, ε, and the curvature coupling, ξ, can effectively change the intensity and behavior of the energy density.
For the conformal massless case, the component off-diagonal of the energy-momentum tensor, T 1 3 cs , is written as
As you can see in the conformal coupled massless scalar field, the above equation is expressed in terms of elementary functions.
Concluding remarks
In this paper, we have investigated the vacuum polarization associated to a massive scalar charged quantum field in a high dimension AdS spacetime in the presence of a cosmic string.
In this analysis we also admit that an extra coordinate is compactified to a circle, and two distinct magnetic fluxes are present. One running along the string's core and the other is along the center of the compactified dimension. In this way four different ingredients take place to produce contributions in the vacuum polarization phenomenon. Specifically we have computed explicitly the VEV of the field squared and the energy-momentum tensor. In order to develop these calculations, we have constructed the positive Wightman function, by using the mode sum of positive frequency solution of the Klein-Gordon equation, Eq. (2.17). This function whose closed form is presented in Eq. (2.30), has been shown to be decomposed in three contributionsas (2.33). The first one due to the pure AdS bulk, the second associated to the cosmic string in AdS space, and the third one, associated with the compactification. In our analysis of the VEV of field squared, we have concentrated in the contributions due to the cosmic string and the compactification. As to the string induced part, it is presented in closed form in (3.3). We have investigated this result for small and great values of the ratio r/w. These asymptotic behaviors are given in (3.6) and (3.8), respectively. The expression for the conformal coupled massless scalar field is presented in (3.11). In Fig.1 the string induced part is plotted for D = 4, in units of a 3 , as a function of the proper distance form the string in units of AdS curvature radius, r/w. In this plot is showed that the magnetic flux running along the string's core can modify the behavior and the magnitude of |φ| 2 cs . As to the VEV of the field squared associated with the compact extra dimension, the closed expression is presented in (3.14) . This contribution presents two parts: The first one, Eq. (3.15), is the term k = 0 which depends only on parameters associated with the compactification. As to the second set, (3.18), it depends on the planar angular deficit induced by the cosmic string, q, and on the magnetic flux running through its core, ε. The asymptotic expression for great values of L/w is given in (3.20) . The conformal coupled massless scalar field case is presented in (3.21). In Fig.2 we have plotted Eq.(3.14) for D = 4, in units of a 3 , as function of L/w. From this plot we note that the parameterβ can increase or decrease the magnitude of the VEV contribution induced by the compactification, as well to change its behavior. We also note that this VEV decrease as the length of compact extra dimension, L, increase.
Another important analysis developed in this paper is the VEV of the energy-momentum tensor. This observable also presents three distinct contributions as exhibited in (4.2) . In this paper we were mainly interested in the contribution due to the cosmic string and the compactification, given by Eq.s (4.21) and (4.9), respectively. We have checked that both contributions satisfy the covariant conservation equation and their trace are related to the respective VEVs of the field squared by (4.14). As to the compactified induced contribution, the energy density component, T 0 0 c , is plotted in Fig.3 for D = 4, as function of r/w with different values of ε. From this figure we note that it is finite for q > 1/|ε| and it is divergent for values of q < 1/|ε|, on the string's core, r = 0, as we have previously observed analytically. We also can note from this plot the influence of the parameterβ on the behavior of the energy density. The off-diagonal component of the compact extra dimension part is given in (4.12) and its expression for the conformal coupled massless scalar field is given in (4.20) . As to the cosmic string induced part, the energy density for the conformal coupled massless scalar field is presented in (4.26) . The off-diagonal component is given in (4.24) and its correspondent conformal coupled massless scalar field expression is presented in (4.27). In Fig.4 is displayed the behavior of the energy density induced by the string for D = 4, as a function of the r/w. From this figure we note the influence on the intensity and behavior of T 0 0 cs by the curvature coupling and the magnetic flux running along the string's core.
On the other hand, we have
